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Abstract 

We derive new thermodynamic relations for asymptotically planar AdS black hole 
and soliton solutions. In addition to the ADM mass, these spacetimes are char- 
acterized by gravitational tensions in each of the planar spatial directions. We 
show that with planar AdS asymptotics, the sum of the ADM mass and tensions 
necessarily vanishes, as one would expect from the AdS /CFT correspondence. 
Each Killing vector of such a spacetime leads to a Smarr formula relating the 
ADM mass and tensions, the black hole horizon and soliton bubble areas, and a 
set of thermodynamic volumes that arise due to the non-vanishing cosmological 
constant. These Smarr relations display an interesting symmetry between black 
holes and bubbles, being invariant under the simultaneous interchange of the 
mass and black hole horizon area with the tension and soliton bubble area. This 
property may indicate a symmetry between the confining and deconfined phases 
of the dual gauge theory. 
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1 Introduction 



This paper will explore certain aspects of the thermodynamics of asymptotically planar 
AdS spacetimes, such as the planar black hole [H 121 [3] and soliton [3] solutions studied 
in these references. Through the gauge/gravity correspondence, the thermodynamics of 
such spacetimes are known to have important physical consequences. For example, it was 
argued in |3] following [H [3] that the planar AdS black hole is dual to the high temperature, 
deconfined phase of the associated strongly coupled gauge theory on the AdS boundary, 
with the AdS soliton corresponding to the low temperature, confining phase of the theory. 
Further support for this interpretation comes from the values of the Euclidean actions, or free 
energies, of the black hole [SI [7] and the soliton [7] which demonstrate that the system indeed 
undergoes a phase transition as in [S]. Further studies of e.g. the approach to equilibrium 
in this system have appeared in P, [101 [HI [12] • 

The gravitational charges of planar AdS spacetimes display interesting features, with the 
AdS soliton having a negative, but nonetheless physical, mass [3]. Our exploration begins 
with the observation that the mass does not fully characterize the asymptotic behavior of 
such spacetimes. Due to the planar spatial directions at infinity one expects that, as in the 
case for Kaluza-Klein black holes [I3l [HI [151 [IS], gravitational tensions should also make 
important contributions to basic thermodynamic relations. Indeed, the tracelessness of the 
boundary CFT stress tensor implies that tension or pressur^ must play an important role. 
Consistent with this, we will see that the AdS soliton, with its negative mass, has a large 
positive tension, with this situation being reversed for the black hole. 

With nonzero A another important ingredient enters the thermodynamic relations as well. 
It has been shown that to derive a Smarr formula for (A)dS black holes, one must include a 
new potential V , which is thermodynamically conjugate to the cosmological constant in the 
sense that it gives the change in mass when A is varied [17]. This new potential V has the 
dimensions of volume, and following [18] we will refer to it as the thermodynamic volume. 
Regarding the cosmological constant as a pressure, the Smarr formula for (A)dS black holes 
then contains a pressure-volume type contribution proportional to A V . Computations of V 
and studies of associated thermodynamic phenomena have been carried out in [T71 [181 [IHl 
[20l [2T1 [22] for AdS black holes with spherical topology, and in [23] for the dS case. 

Smarr formulas for gravitational systems are analogous to the Gibbs-Duhem relations of 
classical thermodynamics. In the gravitational case, a Smarr formula is an exact relation 
that holds for stationary black holes, and more generally for any spacetime having a Killing 
symmetry, that relates the ADM gravitational charges [23] defined in an asymptotic region 
to geometric properties of the interior of the spacetime, such as the area and surface gravity 
of a black hole horizon. Originally derived for four dimensional, stationary, asymptotically 
flat black holes {i.e. black holes of astrophysical interest) in [2S], extensions of these relations 
have been made to higher spatial dimensions, different horizon topologies, higher derivative 
theories of gravity, and to spacetimes with different asymptotics. 

We will derive Smarr relations for asymptotically (locally) AdS spacetimes with planar 

■"'Tension is defined as the negative of pressure. 
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spatial cross sections, i.e. such that the boundary at infinity is a plane or torus cross time. 
The ADM charges for these spacetimes are the mass and spatial tensions together with the 
linear and angular momenta. We will focus on static spacetimes, with vanishing linear and 
angular momenta, containing black holes and/or bubbles. This problem appears at first sight 
to be a simple generalization of two previously considered cases. Black holes and bubbles 
with compact spatial directions (but A = 0) were considered in [HI |26l [T6|, [131 [IS], while 
spherical AdS black holes {i.e. with A 7^ but no compact spatial directions) were considered 
in f27\ [25] . The compact spatial directions introduce new terms in the Smarr relations of 
the form L T, with L being the length of a given compact spatial direction and T being the 
gravitational tension in that direction, while as noted above taking A 7^ introduces a AV 
term. We will see, however, that combining compact spatial dimensions with A 7^ is in 
fact not just a simple addition problem, but rather involves interesting new features. 
The most prominent new feature that arises is a tracelessness condition 

A^ + 5];l,7- = (1) 

i 

satisfied by the ADM mass and tensions, where the index i runs over the planar spatial 
directions. While a condition of this sort would naturally be expected from the AdS/CFT 
standpoint, it is interesting to see how it arises on the gravity side in terms of standard 
ADM conserved charges [21] . The condition ([T]) also helps make sense of unusual signs that 
arise for the mass and tensions with A < 0. In the asymptotically fiat case, the ADM mass 
is known to be positive [29| [30] , and the gravitational tensions have also been shown to 
be positive [31] for static spacetimes. However, as we will see, in AdS there are examples 
with positive mass but negative tensions, and similarly solutions with positive tensions but 
negative mass. Equation ([T]) makes it clear this is to be expected in AdS. All the gravitational 
charges cannot be positive. The constraint ([1]) also implies that the ADM charges are not 
all independent, which will have practical implications in our construction. In particular, 
the inversion of Komar integral identities necessary to obtain the Smarr results will involve 
technical complications, dealt with in section (13. ip below, that were not present in the A = 
case. 

Our strategy in the paper is as follows. We study solutions to the Einstein equation with 
negative cosmological constant 

2A 

Rab - _ ^ Qab (2) 

where A = —{D — 1)(-D — 2)/2/^. We will assume that the spacetime is static and has p 
spatial translation Killing vectors with < p < -D — 2. The planar black hole and AdS 
soliton solutions studied in [3] both have D — 2 spatial translation symmetries. We will also 
assume that there are no shear terms at infinity, so that asymptotically the metric has the 
form 

ds^ - ^ (^V.^d.'^d.^ + J: ^(rfx-)^ j + '^.{^ + ^) (3) 
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where the Cq's and are constant fall-off coefficients, and we take the planar spatial direc- 
tions X* with i = 1, . . . , D — 2 to he periodically identified according to = + L^. We 
assume that p+1 of the vector fields ^(^) = d/dx^, including necessarily ^(q), satisfy Killing's 
equations throughout the spacetime. Each of these Killing vectors leads to a Komar integral 
identity, which provide relations between the the fall-off coefficients Cq, and geometric prop- 
erties of black hole horizons and/or soliton bubbles in the interior, plus terms of the form 
AV(^), where V(^) is the thermodynamic volume associated with the Killing vector ,^(^). After 
taking into account the trace constraint ([T]) and a related gauge fixing, the fall-off coefficients 
Ca may be solved for in terms of the ADM charges giving the Smarr relations. 

There is a geometric distinction between spacelike Killing vectors that act freely and those 
that have one or more fixed points, referred to as 'bubbles' (see e.g. [El [261 [13] fo^' related 
discussions of bubbles with A = 0). Gravitational tensions then divide into three categories; 
tensions associated with freely acting symmetry directions, which will be denoted by Tf', 
tensions associated with non-freely acting symmetry directions, which will be denotec|§ by 
7b; and those which are not along a symmetry direction. The asymptotic lengths of these 
dimensions will similarly be denoted hj Lp and Lb. The Smarr relations are simplest when 
all the Killing vectors commute, in which case we will show that all the thermodynamic 
volumes are equal, V(/3) = V, and the Smarr relations reduce to 

M = ^+ (4) 

kbLbAb AV 

J^bIb — 1 H , — -7- [i>) 

Svr m[D — 2) 

where the surface gravity for a smooth bubble is given by kbLb = 2tt (see [16] for further 
discussion). The formula for Tf is a special case of Tb with the bubble area equal to 
zero. In this case the formula says that the globally defined gravitational tension times 
the length, LpTp, is proportional to minus the intrinsic pressure times the thermodynamic 
volume V, where the intrinsic pressure is due to the cosmological constant with P oc —A. 
The Smarr formulas display an interesting symmetry between black holes and bubbles, since 
they are invariant under interchanging the contributions from the mass and horizon area 
with the contributions of the bubble tension and bubble area. These equations also raise 
the intriguing possibility of a critical solution that is a mixture of bubbles and black holes, 
representing a transition between the high and low temperature phases of the field theory, 
which would have = Tb = 0, khAh/Stt = kbAb/Stt = —AV/87i{D — 2), and positive 
tensions which are not associated with a symmetry to satisfy the trace constraint ([3|). 

This paper is organized as follows. In Section ([2|) we use the ADM formalism to compute 
the mass and gravitational tensions in terms of the assumed asymptotic form of the metric 
([21). In Section ([3D we show how to take into account the trace condition ([![) amongst the 



^Further notation will be added as needed below to distinguish between different freely, or non-freely, 
acting directions. 
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gravitational charges and deal with a related gauge fixing issue. We also compare the ADM 
charges to the results of boundary stress tensor computations. The Smarr relations are 
derived in Section and the results are collected in Section along with comments on 
open questions. The Appendix contains a derivation. We use the notational conventions 
that Greek indices = 0, . . . ,D — 2 label directions tangent to the planes of constant 
radial coordinate r, and Latin indices i,j = 1, . . . , D — 2 label the spatial directions within 
these planes. 

2 Mass and tensions 

In this section, we find expressions for the ADM mass and tensions in terms of the fall-off 
coefficients Cq, and Cr that characterize the asymptotic form of the metric in ([3]). We begin 
by reviewing the ingredients of this calculations in asymptotically AdS spacetimes following 
[32| [T7] . We then evaluate the mass and tensions for the planar AdS black hole metric and 
the AdS soliton which will serve as important examples. 

2.1 ADM charges 

An ADM gravitational charge Q{0 is defined with respect to an asymptotic symmetry C,"" of 
a spacetime |32] . The first step in the computation is then to specify the boundary conditions 
on the metric and hence the asymptotic symmetries. As noted, we consider spacetimes that 
are asymptotically AdS in Poincare coordinates, with the rate of fall-off specified by equation 
(jS]). These conditions are analogous to standard asymptotically fiat boundary conditions in 
the sense that they give finite mass and tensions, with values that are independent of the 
choice of slice at infinity used to compute the charge. Other choices of asymptotics for AdS 
may also be of interest, such as including logarithmic terms in the far field, or allowing the 
fall off coefficients to depend on the planar coordinates, but we defer consideration of these 
to future work. 

The construction of ADM charges can be nicely expressed in the Hamiltonian formalism 
|33] . We will follow the particular treatment given in [M], which we briefy recount here. Let 
the spacetime be foliated by a family of hypersurfaces S with unit normal n"-, and decompose 
the metric as 

gab = {n ■ n)nanb + Sab , n ■ n = ±1 , n'^Sab = 0, (7) 

where Sab is the induced metric on S with conjugate momentum n"'^ . Let Sab and vf"^^ denote 
the metric and momentum in AdS, and let hab = Sab — Sab and p"^ = tt"^ — vf"'' be the 
differences between the metric and momenta and their asymptotic AdS values. Let C,"" be a 
Killing field of AdS, and hence an asymptotic Killing vector of Qab, which can be decomposed 
as 

^ p^a ^ pa ^ ^^^c ^ q ^g) 

The ADM gravitational charge associated with C,"" is then defined by an integral over the 
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{D — 2)-dimensional boundary of S in the asymptotic region 

1 

IGtt 



Q(0 = / da,B' (9) 



where the boundary vector B"^ is given by 

B" = FiD^h - Dbh'''') - hD^F + h^^DbF + ^/3*(7r'='^/i,dS% - 2Ti'"'hb^ - 2p\) (10) 

and Da is the derivative operator compatible with the background AdS metric Sab- 

The ADM mass Ai is the conserved charge associated with the time-translation symmetry 
of the asymptotic AdS spacetime. To obtain the explicit expression for the mass, one takes 
S to be a constant time slice and the Killing field in ([9]) to be = (d/dt)"'. In terms of the 
coordinates in (E]), the asymptotic behavior of the normal form is given by Ua = —{r /l)'Vat, 
while the area element is dac = d^~'^x{r/l)^~^'Vc'r'. From the definition (|H]) we have that 
F = r/l. Consequently, unlike in asymptotically flat spacetimes where F is a constant, the 
terms in ( ITO|) with derivatives acting on F contribute to the mass in AdS. The components of 
hab can be read off from equation ([3]), and recalling that with this choice of foliation hu = 0, 
one finds that the ADM mass is given by 



where v = Ylk is the volume of the planar box at infinity. 

The tension 7^ is the ADM charge associated with the spatial translation symmetry of 
the asymptotic AdS metric in the a:*-direction [Ml [35] , and hence the Killing vector in ([9]) 
is taken to be = {d/dx'^Y . The computation of % is similar to that above for the mass, 
except that in this case the foliation is taken to be a family of constant spatial coordinate 
X*. The boundary integral ([9]) then includes a trivial integration over time, which we divide 
out, so that Ti is properly a tension per unit time. The boundary integral f lTO|) then gives 



D-2 

LjT, = [ {D - 2)cr + {D- 1)[^ c, - q] ) (12) 



167r P 

with no sum on j implied on the left hand side. 



2.2 Planar black hole and AdS soliton 

In this section, we use the expressions obtained above to compute the ADM mass and 
tensions for the planar AdS black hole and AdS soliton [3]. The planar black hole metric is 
given by 
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with the horizon being located at r = tq. Substitution into equations (fTTj) and (1121) yields 
for the planar black hole 

where i = 1, . . . , D — 2. The AdS soliton [3] is obtained from the black hole metric above 
via a double analytic continuation in time and one of the planar coordinates, yielding the 
metric 

= ^ + j:(d.'f + (i - ;£) d^') + ^ (i - ;£) " *^ (15) 



Instead of a horizon, the spacelike Killing field (d/dz) has a fixed point at r = tq. To 
avoid a conical singularity at the fixed point, the coordinate z must be identified with 
period Lz = Anl'^/^D — l)ro [3]. The structure and thermodynamics of such bubbles, as 
well as spacetimes containing combinations of bubbles and black holes, have been studied 
extensively in the A = case [HI [261 [16]. Using f[TT]) and f[T2|) one finds that the gravitational 
charges for the AdS soliton are given by 

where now i = 1, . . . , D — 3. One sees that the set of charges for the black hole and for the 
soliton are related via interchanging A4 and L^Tl- In particular, the soliton has a negative 
mass but positive tension in the 2;-direction, while the black hole has positive mass and 
all tensions negative. In the next section we will show that the sum of the mass and the 
tensions is always zero for solutions, so some of these quantities, in fact, needed to have 
opposite signs. 



3 Technical matters 



3.1 Trace condition and Komar expressions 

We now have the ADM expressions for the mass and tensions. However, the Smarr formulas 
result from applications of Komar integrals that naturally yield the equivalent Komar ex- 
pressions for these quantities, the two sets of expressions being related via the field equations. 
This is familiar from the asymptotically fiat case, where the ADM expression for the mass in- 
volves the fall-off coefficient Cr, while the Komar expression depends instead on q. The field 
equations in the asymptotic regime relate these two coefficients and yield the equivalence 
between the ADM and Komar expressions for the mass. We need to find the analogous rela- 
tions, involving the fall-off coefficients q as well, with our planar AdS boundary conditions 

In order to do this, it is sufficient to expand the trace of the field equations to first order 
about the AdS metric in the asymptotic region. Because the cosmological term in ([2]) does 
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not contribute to the trace, we are looking simply at the linearization of i? = around AdS. 
Writing gab = (Jab + lab, with (jab the AdS metric, we then have 



-V.V^T + V^VfeT'^" - Rabl"" = (17) 

where Va is the AdS covariant derivative operator, indices are raised and lowered with the 
AdS metric and Rab = '^-^Qab/iD — 2). Upon substitution of the asymptotic form of the 
metric (E]) into this equation, each of the first two terms on the left hand side vanishes 
identically, reducing the equation to Ag"-'''~fab = 0. In terms of the fall-off coefficients this 
implies that 

D-2 

- Ct + + ^ Q = 0. (18) 

i=l 

One readily checks that the planar black hole and AdS soliton solutions in Section (12.21) 
satisfy this conditioiJll. 

With the relation f|T8l) in hand, we can eliminate the fall-off coefficient Cr from the ex- 
pressions for the {D — 1) charges in (|TT|) and (fT2|) yielding the Komar-type expressions 



M = j^{{D-2)c, + y^c,] (19) 



2)ct + J^Cij 

L,T, = Y^[-{D-2)c, + J2c,-c,] (20) 



with i,j = 1, . . . , D — 2. From these expressions one can read off an important property of 
asymptotically planar AdS spacetimes, namely that the sum of the mass plus tensions of 
solutions necessarily vanishes for such spacetimes, 

M + J2L^Ti = 0. (21) 

i 

Equation (pT]) . which is not readily apparent from formulas (fTTjl and (fT2|) . can be viewed as 
a kind of Smarr relation that holds on solutions with planar AdS asymptotics, although non- 
standard in the sense that it relates only the ADM charges, without involving the interior 
geometry of the spacetime. Note that if we regard the mass and tensions as the diagonal 
elements of an ADM stress tensor in the planar directions, then (j2T]) has the form of a zero 
trace condition. 

This relation is imposed by the AdS asymptotics. It has no analogue, for example, in 
Kaluza-Klein theory with A = 0, where the mass and tensions are independent quantities [HI 
[T3] . In contrast, we see that in AdS the mass and tensions are not independent. We expect 
that the zero trace condition (12T|) should in some way be a consequence of the conformal 
isometry of AdS generated by the Killing field V"" = ^aX°'{d / dx"") —r{d/dr). However this 
is not apparent from the calculation given here and will be pursued in future work. 



^ A second, instructive way to derive equation is in terms of the far field limit of the Killing potentials 
introduced in Section Q below. This alternative demonstration of (fTS]) is presented in Appendix A. 
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3.2 Gauge fixing 



The task at hand is now to invert the formulas in (fT9l) and ( l20l) to give expressions for the 
fall-off coefficients Cf and q in terms of the ADM mass and tensions. If one regards these 
formulas as a single vector equation relating the vector of charges (M, 71) in terms of the 
vector of fall-off coefficients (q, q), then one finds that the matrix has vanishing determinant, 
reflecting the fact that the charges must end up satisfying the constraint fl^T]) . In order to 
proceed, one charge must be removed from the vector and considered to be determined in 
terms of the others through equation (12T|) . We will take 7i to be this auxiliary tension, and 
proceed with the reduced vector of -D — 2 charges. 

However, this leaves the counting off. There are now only {D — 2) charges, but there 
are still {D — 1) coefficients, and therefore the matrix is no longer square. The underlying 
problem is that the coordinates have not been completely fixed by the asymptotic form of 
the metric in equation ([3]). One can still perform a coordinate transformation that maintains 
the form of ([3]). This residual gauge freedom can be fixed e.g. by taking one of the fall- 
off coefficients to vanish, an approach that is similar to employing synchronous gauge in 
cosmology. We will take cj:)_2 = 0, which is convenient since the metrics given above for the 
planar black hole (IT^ and AdS soliton f[T^ already have this property. This gauge choice 
may be implemented via the coordinate transformation x'"" = x°'+x"' where Xr = kr~^ with k 
constant, and the remaining components Xa = 0. It follows that VrXr = ~{D — l)kr~^^'^^^ 
and that V aXi3 + ^ pXa = {'^k/l^)riai3r^^'^^. Hence, the constant k may be chosen such 
that the coefficient C£)_2 = in the new coordinates, while the other coefficients are merely 
relabeled. As a check, direct substitution shows that the expressions for the ADM charges 
are invariant under the coordinate transformation. 

The reduced set of equations obtained by excluding the relation for LiTi and setting 
C£)„2 = in f|T9l) and (l20l) can now be inverted to give 



where i = 1, . . . , {D — 2). 

3.3 Comparison with AdS/CFT boundary stress tensor 

In this section we compare the expressions we have found for the ADM gravitational charges 
of asymptotically planar AdS spacetimes to those computed using the quasilocal boundary 
stress tensors method [Ml EH [3H] . From the point of view of AdS/CFT one expects that, in 
the absence of a conformal anomaly, the boundary stress-energy tensor should be traceless. 
For definiteness, let us consider the five- dimensional case where the boundary stress tensor 
Tap is given by [37] 



{M - Ld^2Td-2) 



(22) 



{D - l)v 
167r/^ 



{D - l)v 




(23) 
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where ha/s is the induced metric on a hypersurface of constant r in the asymptotic region, 
9q,/3 is the extrinsic curvature of this shce, and Ra/3 is the Ricci tensor for the metric ha/3. 
The leading contributions to Rai3 arise, in principle, from second order terms in an expansion 
around infinity. However, these contributions vanish for the planar geometry [37] . Using the 
asymptotic form of the metric in ([3]) the extrinsic curvature components are found to be 

These terms include divergent contributions from the AdS background that are cancelled by 
the Sha/s/l term in (1231) . The components of the boundary stress tensor are then given by 

" i^^'"' + 4 5] ^« j ' = 1^7^ - 4 ^ Cfc - 3c, j S,, (25) 

These match respectively with the integrands that gave rise to the expressions for the ADM 
mass and tensions given in f fTT]) and f|T2l) for D = 5. The boundary stress tensor charges are 
defined for Killing fields k"" of the boundary metric. Decomposing the D — 1 dimensional 
metric according to 



tab 



[n ■ n)nanb + aab n ■ n = ±1 rfaab = (26) 



with aab the metric on a (-D — 2) dimensional surface contained in the boundary. The charge 
is then defined as an integral over a (-D — 2) dimensional surface 

Q{k)bdry= I d^'-^xV^ {n'^Tabk") (27) 

JdT, 

Since time and space translation Killing vectors of AdS are also Killing vectors of the bound- 
ary, this shows that the charges in the boundary formalism match the ADM quantities. 



4 Deriving the Smarr formulas 

In this section, we derive Smarr formulas for static asymptotically planar AdS spacetimes 
having < p < {D — 2) spacelike Killing vectors that act as spatial translations at infinity, 
and which may contain black holes and/or bubbles. The first step is to write down a Komar 
integral identity associated with each Killing field, using the generalization of this procedure 
to A 7^ given in [28]. These Komar identities will relate the asymptotic behavior of the 
spacetime ([3]), to geometric properties of the horizon or bubble. The second step is to use 
equation ( 122|) to convert the Komar identities into statements in terms of Ai and %■ A 
related construction has appeared in reference [SH], but focused only on the static Killing 
field. 
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Let Qab be a metric satisfying the Einstein equation with cosmological constant ([2]) and 
let C,"' be a Kilhng field of this metric. The generalization of the Komar integral identities to 
A 7^ in [2B] involves an antisymmetric Killing potentials, satisfying 

Vaw"' = (28) 

which necessarily exist because Va^° = 0. Killing potentials are not unique. A solution to the 
homogeneous equation can always be added. However, this non-uniqueness does not affect 
the result, which comes about as follows. One starts from the differential identity V^VaC,^ = 
—R''a^"', which on solutions to the field equations can be rewritten as V^Va^^ = — 2AVcW'^''. 
The Killing potential allows the right hand side to be cast as a total divergence, so that 
Stokes theorem can be used. Let the spacetime be foliated by surfaces S with unit normal 
rif) as in (JTj), and let S to be a volume contained in S with boundaries Integrating the 
differential relation over S then gives the Komar integral identity [28] 

E ^^"^ (V"^' + ^^^') = (29) 

where dsab = P[a^b] da with pa being the outward pointing unit normal to (9S/ within S. 
There can be boundary contributions at infinity, black hole horizons, and bubbles, so that 
the Komar integral naturally splits up as 

Ioo + Ih + hub = (30) 

where each of the terms corresponds to the integrals in (l29l) over a given type of boundary 
component. We proceed with this construction first for the static Killing vector and then 
for the spatial translation Killing fields. The derivation assumes that the black hole has a 
bifurcate horizon and that the spacelike Killing fields are tangent to the horizon. 



4.1 Komar identity for the static Killing field 

Let the Killing field in the Komar integral identity (129|) be the static Killing field, S 
be a constant time slice which intersects the horizon at the bifurcation surface, and first 
consider the boundary integral at infinity. One finds that some individual terms in this are 
divergent, but that these divergences cancel when the full integrand in 0291) is assembleci§. 
This calculation proceeds as follows. Near infinity, one has paUf, = —VarVbt and the area 
element in (1291) is therefore given by da = (r//)^~^ c/^'^x. Finite contributions to the 
integrals will then come from terms that fall off as r~^^~'^\ One finds that 

PaUb = - {{D - 2)c, - 2c.) (31) 

The first term on the right hand side will give a divergent contribution to the integral. 
This is cancelled [17] by a contribution from the Killing potential cj^^^^, where the label (t) 

®Note that this has to be the case, if the integrals on the horizon and bubble are finite, since the Komar 
integral identity requires that these terms sum to zero. 
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indicates the corresponding Killing vector, [T7] . The Killing potential may be written in the 
form cu^j^ = + ^^^t) where oo'^^-^y^^g is the Killing potential in the background AdS 

spacetime, satisfying 

VaC^S^-i^ = (32) 
This can be taken to be w^j*^^^ = r/{D — 1) and further recalling that 2A/{D — 1){D — 2) = 
— 1//^ one has for the Killing potential term in ( l29l) 

2A nh r 1 , X 2A ^ , , 

-^^Panbi^t) = 12+ ^p^2 (-^* + ^r) + ^^PaUbAu^^ (33) 

We see that the first term on the right hand side will cancel with the corresponding term in 
f l3T|l giving an overall finite result for the boundary integral at infinity 

/oo = ^ (2q. -{D- 1)q) + f dsabAu^^ (34) 

where again the constant v = Ylk ^k- 

We next turn to the horizon boundary term. Evaluation of the Va^b term at the horizon 
proceeds as in the A = case [IQ], and is proportional to the surface gravity and combining 
this with the Killing potential term gives 

2A f 

Ih = khAh - -j,—r / dsabco^l^ (35) 



H 



The net contribution to ( l29l) from the Killing potential will be the difference between its 
integrals at infinity and at the horizon, and it becomes useful to define quantities G(j) for 
each Killing vector ^^j^, where J = t, 1, . . . ,p, in terms of these differences by 

^(J) = Y. [ ^^""^r') - / d'-bA'^fj) (36) 

where the sum is over interior boundaries, including both black hole horizons and bubbles. 
For the static Killing field there is no boundary contribution at the bubble, so long as it 
is smooth, and the Komar identity is then given by /qo + //^ = 0. Assembling the various 
ingredients then yields 



khAh 6(t)A 



Svr Att{D - 2) IQttI^ 

D-3 



{{D - l)ct - 2cr) (37) 



i=l 

where the second equality follows from using equations f|T8!) and fl22!) to replace the fall-off 
coefficients with the gravitational charges. The fact that the sum over tensions only goes 
to i = D — 3 rather than i = D — 2 is due to the choice of gauge co_2 = 0; examining 
equations ( l22i) shows that Td-2 drops out of the linear combination of the fall-off coefficients 
that appear in ( 137|) . The final Smarr formulas will not have this apparent gauge dependence, 
with one proviso to be noted below. When the spacetime is static but has no spatial Killing 
fields there is one puzzle, which we discuss at the end of Section ([5]). 
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4.2 Komar identities for spatial translations without fixed points 



Now we turn to the Komar integral identities associated with the p spacehke Kilhng vectors, 
which we divide into two cases depending on whether the Kilhng field has a fixed point, 
or not. First consider the case when the Killing field X°- = (d/dx)"" does not have a fixed 
point, and let the spacetime be foliated by slices of constant coordinate x, which are 
Lorentzian. Given the assumed absence of fixed points, there are again boundary terms only 
at infinity and at the black hole horizon. Each of these terms contains an integral over the 
time direction, which because the spacetime is assumed to be static, contributing only an 
overall factor of a time interval At. The evaluation of the boundary term at infinity is very 
similar to the calculation for the static Killing field. Near infinity paXb = VarVftX and the 
area element is da = {r/l)^~^dtdx^~^ and as before the divergent term that arises from the 
Killing vector piece is canceled by the asymptotically AdS behavior of the Killing potential 
w"^-). Dividing through by the common factor of At and multiplying through by the length 
Lx, we find that the boundary term at infinity is given by 

In order to evaluate the boundary term at the horizon, we choose the slice such that 
the unit normal Xa is proportional to the Killing field, so that X"' = Fx"". The boundary 
contribution from the derivative of the spatial Killing field in ( 129|) can then be seen to vanish 
on the horizon, as follows. The generator is normal to the horizon, so that the Killing 
vector term in the integrand of (12^ is proportional to 

x'C^aXt = -x'VtiCXa) + x'X-Vt^a. (39) 

The first term on the right hand side of this equation vanishes since Xa^"" = on the 
horizon, and the derivative is tangent to the horizon. The second term vanishes because it is 
the contraction of an antisymmetric tensor and a symmetric tensor. For these vector fields 
there is no contribution from the bubble and therefore the Komar identity becomes 

= ^((/^-l)c. + 2c.) (40) 

D-3 



A1 + 5^L,7- 



j=i 



where the quantity 0(j.) is defined in equation (15^ . The Smarr formula fl40p holds for any 
spacelike Killing field {d/dxY with no fixed point. 



4.3 Adding fixed points 

The remaining case is when a spacelike Killing field generates a bubble, that is, Z"" = 
{d/dzY has a fixed point on a (Z) — 2)-dimensional Lorentzian submanifold B. A bolt in 
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the classification of Gibbons and Hawking [JT], we refer to these as bubbles, following the 
work of [T^ [TB] . The Killing field Z°- acts like a spatial translation around a compact 
dimension at infinity, but like a rotation in the vicinity of the bubble. The AdS soliton 
metric f lTSj) has a bubble at r = tq, which has the topology of a — 3)-dimensional spatial 
torus cross time. When we refer to the area of a bubble, we will mean the area of the spatial 
torus at fixed time. The derivative of the Killing field at the bubble is normal to the 
bubble, so that 

V[.Z,] = .^(e«ef)-ei^)e«) (41) 

where ei^'' , e>a^ are a mutually orthonormal set of normal forms to B [H] and is constant 
on the bubble [K]. It follows from (gl]) that k\ = (l/2)(VaZb)V''Z^ which except for the 
sign is the identical to the formula for the surface gravity of a black hole horizon. The 
AdS soliton fllSp has = (-D — l)ro/2/^. The geometry at the bubble is the same as 
that of a Euclidean black hole with the constant kb playing the role of surface gravity. 
Smoothness of the Euclidean black hole determines the periodicity in Euclidean time and 
hence its temperature. Smoothness of the bubble geometry requires that the periodicity of 
the 2;-coordinate be such that kbL^ = 2n. 

We are now prepared to evaluate the Komar integral expression fl2U]) for spacelike Killing 
vectors having fixed points. The boundary terms at the horizon and at infinity are unchanged 
from the case with no fixed point, with the only new contribution coming from Ib- Equation 
( 14T|) implies that e^a^e^^^V'^Z'' = kb, and we arrive at the expression 

2A f 

Ib = -AbKb At + —— / dsabAuj?L (42) 

where Ab denotes the area of a (/} — 3)-dimensional spatial torus. Combining the three 
boundary terms, multiplying by Lz and dividing out a common factor of At gives the Smarr 
relation for a spacelike Killing field with fixed point 

kbLzAb AQiz) ( Lz\ ^ ffn t\ fA'i\ 

D~3 



i=l 



where 0(^) is defined in fl36|) . Although we are primarily interested in smooth bubbles, the 
derivation allows for a possible angular deficit = 2ti — hbLz at the bubble [16]. As long as 
{] < ip <1 this is a conical singularity with positive integrated curvature and corresponds to 
a, [D — 3)-brane wrapping the bubble. 



5 Organizing the results 

The purpose of this section is to rewrite the set of Smarr relations ( 137|) . ( l40l) and ( l43l) in a 
more transparent form. We start by finding conditions such that the different thermodynamic 
potentials 6(j) are all proportional to a common thermodynamic volume V . 
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5.1 Thermodynamic potentials and volumes 

It was shown in [17] that the quantity G(j) appearing in the Smarr relation ( 1371) has a simple 
interpretation as minus the volume occupied by the black hole. A similar interpretation 
may be applied to all the potentials 9(j) appearing in PUI) and fH3l) . The boundary integral 
expression for 0(j) in fl36|) can be converted to a volume integral by means of Gauss's law. 
Choose the slice connecting the relevant boundaries such that its normal is in the direction 
of the Killing field, i.e. so that .^"j-j = Fi^j-^n'^jy Making use of the decompositions ([7]) and 

(IE]), it then follows that for each J one has j^j. paUh oo"''' = n-n Jj. F^/\s\. Since the integrand 
at infinity in ( 136|) depends on the difference between the Killing potentials for the metric Qab 
and for the AdS metric cjab, the volume expression for 6(j) is likewise the difference between 
two integrals 



0(j) = n^J) ■ Hj) 



/ F(_J,AdS)\/\sj,Ads\ - / 



iJ)\/ \ HJ)\ 

(J) 



(44) 



Here, the pure AdS volume integral extends inward all the way to r = 0, while the other 
volume integral extends only down to a black hole horizon or soliton bubble radius. For 
this reason, it was argued in [171 122] that the quantity —Q{t) may be thought of as the 
volume occupied by the black hole. The properties of this thermodynamic volume were 
further explored in [18] where it was found that for rotating black holes the thermodynamic 
volume differs from the geometric volume in such a way that suggests a 'reverse isoperimetric 
inequality' for AdS black holes [T8] . 

When the index J in (jH]) refers to one of the spatial Killing vectors, one has n ■ n = +1 
and the potential G(j) is positive, with the quantity LjO(j)/At corresponding to a (£) — 1)- 
dimensional spatial volume. It is useful to define in each of these cases the positive volumes 
V(j) according to 

V^t) = -Qit), = (I;) e(,) (45) 

with i = 1, . . . ,p. For the planar black hole and the AdS soliton spacetimes these volumes 
are redundant quantities. Due to symmetries and the diagonal form of the metric all the 
V(j) are equal to a common volume V, 

ViJ) = V (46) 

for J = t, 1, . . . ,p, where in these cases we have p = {D — 2). This raises the question as 
to how many independent volumes there are in general? We will show next that if two of 
the Killing vectors commute, then their associated volumes are necessarily equal. Therefore, 
a sufficient condition that all the thermodynamic volumes V(j) in the Smarr relations are 
equal to a common volume is that the set of Killing vectors be mutually commuting. 

To demonstrate this, we need to show that if two of the Killing vectors commute, that 
the quantity -F(j) -\/T^(j)| will be the same for both vectors. So, assume that and 77'^ are 
two commuting Killing vectors of an asymptotically planar AdS spacetime, with ^ ~ 
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and rj c:^ d/dy in the asymptotic region. The area elements spanned by these vectors are 
then integrable and the metric can be put in block diagonal form (see e.g. the discussion in 

m) 

D-l 

d-s^ = gttdt^ + 2gtydtdy + gyydy"^ + ^ qijdx'dx^ (47) 

where qij = gij. Now consider a constant time slice with normal = — F(t)Vat. If we 
decompose the Killing vector ^'^ according to (|H]), one has = F(^t)n°' + /3" where gty = (3y 
and gtt = — (-F(j))^ + (3^f3y. This allows us to write the volume element for (HTll as a/— ^ = 
^{t)\f9yy\f^- One also has ^S(t) = ^/gyy-sfo.-, which results in the statement a/^^ = F{t)^S(t). 
These steps may be repeated for a slice of constant y, with the second Killing vector rf 
decomposed to find that \J —g = F^y^yJ—guy/q = F{^y)yJ—S(y). Comparing the expressions 
for the volume elements from these two slicings establishes that ^J\ S{t)\ = -^(y) \/| ^(j,)!, 
which implies in turn that 9(j) = —{Ly/At)Q(^y) or equivalently the equality of the two 
thermodynamic volumes, V(t) = V^y). Extending this argument to a larger set of commuting 
Killing vectors implies that the associated thermodynamic volumes will be equal. 



5.2 Commuting Killing Fields 

Equations (137|) . (140!) and (143!) give the Smarr relations that result from the static and spatial 
translation Killing fields. In this section we process these formulas to make their physical 
implications more apparent. We will assume that the spacetime has at least one freely 
acting spatial translation Killing field and that all the Killing fields commute, so that all the 
thermodynamic volumes are equal. At the end of the section we will briefly discuss the cases 
in which either the Killing fields do not commute, or there are no spatial symmetries. 

For each freely acting spatial translation Killing field, the sum of equations fl37|) and pUj) 
gives 

M-LprF- = ^^ (48) 

with j = 1, . . . ,nF with np being the total number of freely acting spatial Killing vectors. 
Equation f HHj) implies that the product Lp^Tpj is the same for all the freely acting Killing 
vectors, i.e. that 

Lf^Tf, = {LT)f (49) 

If there are also tt.^ spatial Killing vectors that having fixed points at a bubble, where neces- 
sarilly nh + uf = p, then the sum of equations fl371) and fH3l) gives for each Bi 



M-L^.rB. = ^- ^^'^^'^^' (50) 

where i = 1, rife and Ab^ is the total area of bubble^ corresponding to zeroes of the Killing 
vector d/dx^. Recall that a smooth bubble has UBiLsi = 27r. 



^Multi-bubble solutions with A = are presented in [Tl], although analogous solutions with A 7^ are 
not known at present. 
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In order to process the Smarr formula (1371) . we note that the left hand side is equal to 
Ai + L£)^2Td-~2- If we now assume that d/dx^~'^ is a freely acting Killing fielc0, recalling 
that by previous assumption there is at least one such Killing field, then it follows that 
Ld-2Td-2 = {LT)f as in equation fHHj) . Substitution for Lo~2'Td^2 then yields the Smarr 
formula 

■^ = ^+M^ ^''^ 
given in the introduction. These Smarr formulas give geometrical insight into the values of 
the mass and tensions for the planar black hole and AdS soliton solutions given in equations 
( 1T4|) and ( 1T6|1 . We see that Tf is always negative (see (j4])) and that is always greater than 
or equal to Tf, because they differ by the horizon area. Substituting ( 148|) . (150|) . (15T]) into 
( 137|) and using the trace constraint additionally gives a formula for the sum of the D — 2 — p 
tensions not associated with symmetry directions 

- y = y ^^^ip+ mv ^52) 

To summarize, the relations (148|) . (l50l) . (ISTj) . and ( 152|) hold for spacetimes that are static, 
with p spatial-translation Killing fields, at least one of which is freely acting, and assuming 
that all the Killing fields are mutually commuting. These Smarr formulas along with the 
zero trace constraint (12T1) are the main results of this paper. 

The symmetry between bubbles and black holes noted in the introduction is apparent 
here. The equations are invariant if Ai and khAh are interchanged with Tb^ and HBLsiABi- 
In the AdS/CFT correspondence, the black hole corresponds to a high temperature, de- 
confined phase of the gauge theory, while the soliton corresponds to the low temperature 
confining phase [H El [3l [7] . It would be interesting to understand the nature of the symmetry 
between these phases that is suggested by our results. One intriguing possibility allowed by 
the equations is a critical, or transition, spacetime containing a mix of bubbles and black 
holes such that M = Tb = 0. In this case, the trace constraint would have to be satisfied by 
balancing the negative Tf with positive non-symmetry %. 

5.3 More general case 

When the Killing fields do not commute we need to allow for the possibility that the ther- 
modynamic volumes are not equal. Repeating the steps of the previous subsection gives 



-"^"it appears to be inconsistent for d/dx^~^ to be non-frcely acting. In Section p.2p we showed that it is 
always possible via a coordinate transformation in the asymptotic region to set one of the falloff coefBcicnts, 
taken to be Cd-2, equal to zero. Such a coordinate transformation necessarily changes the components of 
the metric in the interior as well. If d/dx^~^ were not freely acting, then both the metric and its normal 
derivatives would be fixed at the corresponding bubble. Hence trying to specify the behavior both at the 
bubble and at infinity will in general not be possible, as can be checked for the AdS soliton metric (fT6|) . 
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where j = 1, . . . , nj? and additionally with i = 1, 

' ' ' ' Stt 47r(L>-2) ^ ' 

Equation fl5^ can be rearranged to put all the bubble terms with index Bi on one side, and 
the freely acting terms with index Fj on the other. Since this is true for all choices of i and 
j and noting an analogous property of equation (l53l) we learn that the combination 



~ - 2) " ~ An{D - 2) = ^ ^^^^ 

with the same constant value C for all symmetry directions, and where the expression for 
Lp Tp is obtained by setting Aj = 0. We recall that in previous work on AdS black holes 
with spherical topology [T71 Uni 1201 E] the combination M — AV/4:7r{D — 3) arose as a rele- 
vant thermodynamic quantity. For the planar geometry the dimension dependent coefficient 
changes and the corresponding combination is M — AV(f)/47r(D — 2). Interestingly, we see 
that analogous quantities from the spatial symmetries also play a role in the brane ther- 
modynamics, namely the combination LjTi — AV(j)/47r(Z} — 2). The space-time quantities 
Q{d/dx'^) — AV(j)/47r(Z} — 2) altogether form a set of thermodynamic variables, where the 
Q{d/dx'') are the ADM charges associated with space and time translation symmetries. A 
question for future work is to study the properties of these quantities further, for example 
by computing the corresponding first laws governing their variations. 

If the spacetime only has a static Killing field then equation fl37|) is the only Smarr 
relation. Using the trace constraint, this can be rewritten as 

M + Lo^.To-. = ^ + ^^^^D^^ (56) 

This formula would apply, e.g. to a localized or "caged" black hole with spherical horizon 
topology. For example, suppose that all the periodicities Li of the spatial directions are 
equal so that the black hole horizon is asymptotically spherically symmetric within each 
constant r plane. All the coefficients q would then be the same and all the products LiH 
would be equal. The zero trace condition then implies that this common value is given by 
—M/{D — 2), so that equation fl56|l becomes 

(D-3)M = {D-2)^ + ^, (57) 

which is the same as the Smarr relation as for a static AdS black hole with spherical horizon 
topology [n]. 

The Smarr relation fl56|) has the puzzling feature that L/3„2Td-2 is singled out, which 
can be traced back to the gauge choice cd-2 = 0. It seems to us that there is another piece 
of physics that needs to be used to get rid of this apparent gauge dependence. For example, 
we have just argued that the additional assumption of spherical symmetry asymptotically on 
constant r slices allows one to reach a more satisfying result. It is plausible that specifying 
the symmetries of the black hole allows one to more generally determine Ld-2Td-2 in terms 
of Ai. This remains a question for future work. 
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6 Discussion and Conclusion 



In this paper we have studied the imphcations of spatial translation symmetries for static 
AdS black hole and soliton spacetimes. The associated ADM charges, which are defined in 
the context of the Hamiltonian formulation of general relativity, agree with the correspond- 
ing components of the AdS boundary stress tensor. We have shown that the sum of the 
ADM mass and tensions of a solution is zero. The set of Smarr formulas obtained provide 
relations between the mass, tensions, horizon and bubble well as a set of thermo- 

dynamic volumes. These relations display a duality between black holes and bubbles, in 
which the mass and black hole area are interchanged with the bubble tension and bubble 
area. Given the interpretation as deconfined/confined phases of the dual gauge theory, it 
would be of interest to further understand how the black hole/bubble symmetry manifests 
in the boundary gauge theory. A related question is to sort out what the thermodynamic 
volumes correspond to in the CFT. Since in general the bulk Killing fields do not commute, 
it is tempting to conjecture that these "renormalized" volumes relate to integrals of (possibly 
non-commuting) gauge fields around loops in the boundary. 

Another area for further research is to study more general asymptotics, for example, when 
the fall-off coefficients depend on the planar coordinates x°'. Further, the AdS soliton-black 
string solution given in [12] and the numerical droplet type black hole solutions given in ^3] 
do not have the asymptotically AdS form of solutions considered here, since the black hole 
horizon extends to infinity. A question for future consideration is how to define the ADM 
charges of these spacetimes and to derive the corresponding Smarr relations. 
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A Appendix: Killing potential 



We use perturbation theory to solve for the KiUing potential in the asymptotic region of the 
spacetime. Recalling the defintion of the antisymmetric Killing potential, one can write 

-^da i^u^') = . (A.58) 

For definitness, we take the Killing field to be the generator of time translations. The 
metric functions in Q depends solely on r, and hence the Killing potential components are 
consequently assumed to depend only on r. We moreover write the asymptotic metric as a 
perturbative expansion off AdS, and assume a similar expansion to exist for 



,rt 



gab = gab + K-fab + ^(fi:^) , Uj''\r) = Lo\^) + KW^^) + 0{k^) . (A.59) 

Expanding the metric determinant then yields 

^=^(l + n^- + 0{K^)) , 7 = rV • (A.60) 
The solution for the zeroth order equation is that for pure AdS, so ujT[-. is the solution to 



d ^ D -2\ r d-f 



dr r J 2{D - 1) dr 

From (I3]), we find 7 = ^'"'2^-1 finally 

<» = "'^^i,%~'" i-r + ^_, (AS2) 

Where a is an integration constant to be determined by appropriate boundary conditions 
on the Killing potential. Recalling that the leading contribution to the area element in the 
Komar integral goes as r~^^~'^\ we see that the first term in the above equation diverges 
logarithmically at infinity. Since the Komar integral relation is a rewriting of Einstein equa- 
tion, the sum of the fall-off coefficients has to vanish to have solutions with the assumed 
asymptotics. That is, the trace of the metric perturbations vanishes on solutions, 

D~2 



^ Ci - Cf = (A.63) 



1=1 
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